Abstract: Erosive wear of hydraulic machines is a common issue, which results in efficiency degradation, the enhancement of cavitation, and the need for expensive maintenance. Although numerical simulations of the erosion process could be very useful, both for understanding and predicting the process, its multiscale nature renders it very difficult to simulate. A previously validated multiscale model of erosion is presented. It consists of two coupled sub-models: On the microscale, the sediment impacts are simulated by means of comprehensive physical models; on the macroscale, the turbulent sediment transport and erosion accumulation are calculated. A multiscale simulation of the erosion of a prototype-scale Pelton bucket impacted by a sediment-laden water jet is presented. The simulation results, namely the erodent flux and the distributions of average impact angle and velocity on the bucket surface, bring insight into the erosion process. Furthermore, the results explain the obtained erosion distribution, which is in very good agreement with the experimental erosion measurements available in the literature for the same test case.
Introduction
Hydroabrasive erosion is the progressive removal of matter from a surface exposed to a fluid carrying sediments. The erosive wear of hydraulic turbomachines, notably Pelton runners and injectors, is a common issue resulting in efficiency degradation, the enhancement of cavitation, and outage for expensive maintenance [1, 2] . Several erosion mitigation strategies can be used in the design and operation of Pelton turbines, for example: The use of hard coatings, the use of larger buckets, preventive shutdown whenever a critical sediment concentration threshold is reached, periodic maintenance by means of welding, and so on [3] . However, in order to find the best compromise among these mitigation strategies, it is desirable to have a predictive tool able to calculate the amount of erosion a given machine will suffer under defined conditions.
The experimental investigation of the erosion phenomenon, which spans six decades [4] [5] [6] , has shed light onto the mechanisms implicated, and has resulted in many analytical equations, some of which are commonly used in empirical erosion correlations. Concerning the domain of hydro turbines, research topics cover a wide range, from overall descriptions of the process [1, 7] , to characterizations of the erosive behaviors of the materials most commonly used in the field [8] . Nonetheless, it is very challenging to use such results to predict the erosion of a prototype-scale turbine, partially due to the lack of similarity between the prototype and laboratory conditions. Empirical correlations have been tuned to particular hydropower installations using field measurements [3, 9] , but their transferability is very limited.
Numerical simulation offers a complementary way for studying erosion phenomena. Two different approaches have been used, thus far: In the first approach, high fidelity simulations of the particle impacts are used to study the material response; these can be done within the finite element method [10, 11] , smoothed particle hydrodynamics [12, 13] , and other discretization schemes. Even if restrained to a microscopic perspective, the benefit of this approach relies on using appropriate physical models to capture the phenomena involved. In the second approach, computational fluid dynamics simulations are used to investigate the transport of sediments and their interaction with the domain of interest; empirical correlations are used to calculate the amount of matter removed by each impact [14, 15] . What makes this approach attractive is its ability to accommodate realistic conditions, such as a variety of particle sizes and distributions of impact conditions over broad surfaces. Unfortunately, the reliance on erosion correlations, instead of physical modeling, compromises the accuracy of the approach [16] .
Multiscale models have been used to investigate a variety of problems involving interactions among phenomena at very different length and time scales. The common factor in these models is that information of detailed microscopic simulations is used to provide closure to a global macroscale model. Recently, the authors introduced a novel multiscale model of erosion [17] which takes advantage of the aforementioned approaches whilst circumventing their limitations. This multiscale model couples two sub-models: On the microscale, the sediment impacts are simulated with all the detail required to predict the erosion; on the macroscale, the turbulent sediment transport is solved for and the global erosion is calculated. In this work, the validated multiscale model is used to simulate the erosion of a prototype-scale Pelton bucket, proving unprecedented insight into this complex process.
Modeling Methodology

Multiscale Model of Erosion
Many problems found in science and engineering are typically multiscale in nature, meaning that the macroscopic behavior (accessible to the observer) is a consequence of myriad microscopic processes. Although some problems lend themselves to a simplified macroscopic model, in which the details at the microscale are neglected, others depend fundamentally on a correct description of the microscale. Multiscale approaches have been used to model a variety of problems [18] [19] [20] ; in such models, two or more sub-models were coupled across time and length scales, in order to improve the accuracy of the macroscale description with the detailed input of the microscale description.
The erosion of a hydraulic turbine is an inherently multiscale phenomenon: It is a progressive process affecting broad areas, yet it is the consequence of billions upon billions of microscopic particle impacts. This multiscale character is shown, in Figure 1 , for the specific instance of a Pelton runner: Whilst the particles accountable for the erosion are about 100 µm in diameter [1, 17] and their collisions only last for about 0.1 µs [21, 22] , the damage entailed slowly accumulates over months of operation and involves significant portions of the bucket surface.
Recently, a multiscale model of erosion has been introduced [17] , which was shown to provide improved accuracy, when compared to the state-of-the-art erosion models based on empirical correlations. A full description of the physical models employed is not within the scope of this article, which is focused on an application. For this reason, only an overview of the model follows, given that the details are published in the aforementioned reference, including the governing equations, an analysis of the model convergence, and its validation. [17] . The time bounds represent the simulation time step required and its overall duration, whereas the length bounds represent the discretization size necessary for convergence and the overall domain size.
Microscale Model: Sediment Impacts
In the microscale model, detailed simulations of the sediment impacts and the resulting material damage and removal are performed, instead of relying on empirical erosion correlations to estimate the amount of mass removed by a given impact.
The mass and linear momentum conservation equations are resolved for the sediments and the base material, referred to hereafter as the solid. Both materials are modeled as isotropic and homogeneous, together with the Mie-Grüneisen equation of state to calculate the pressure. Whereas the sediments are modeled as elastic, the solid is considered as elasto-plastic by means of the Johnson-Cook constitutive and damage models [23] , which define the flow stress and plastic strain at failure as functions of the strain, strain-rate, temperature, and triaxiality states, as studied in [24] . Material heating caused by the friction force and plastic deformation is also taken into account.
Macroscale Model: Turbulent Sediment Transport
In the macroscale model, the turbulent sediment transport, the impact detection between wall and sediments, and the accumulation of eroded mass are calculated on the domain.
The mass and linear momentum conservation equations are resolved for the fluid, assumed to be Newtonian and weakly compressible; the Tait equation of state is used to calculate the pressure, whereas the standard k-model and wall function are used to describe the turbulence. The particles, modeled as discrete masses, are transported by the fluid by means of a one-way coupled scheme. Apart from inter-particle contact, the sediments are subject to the hydrodynamic forces due to drag, pressure gradient, and added mass. The dispersion caused by turbulence is implemented by solving the stochastic Langevin equation [25] .
Sequential Multiscale Coupling Strategy
The models are coupled in a sequential manner. Firstly, a number of independent simulations of the microscale model are run to characterize the space of impact conditions; each one of these involves about 80 impacts, with constant velocity, angle, sediment sphericity, and size, on a hemispherical specimen of the material. The results of these simulations are the average coefficients of restitution and the steady-state erosion ratio, defined as the average amount of mass eroded per unit mass of sediment that impacts, as functions of the impact condition. Secondly, a simulation of the macroscale model is run, in which the turbulent particle transport around the geometry under study is calculated; whenever a sediment contacts the wall, the microscale simulation results for the restitution coefficients are used to compute the particle rebound velocity, whereas the steady-state erosion ratio and the sediment mass are used to calculate the eroded mass. After enough impacts, converged distributions of eroded mass and average impact conditions on the geometry under study are obtained.
The Finite Volume Particle Method
The governing equations are solved by time integration, after being discretized in the framework of the finite volume particle method (FVPM), which is a certain generalization of the traditional finite volume method, in the sense that the computational volumes are spherical (therefore referred to as particles) and are allowed to overlap. FVPM is based on the Arbitrary Lagrangian-Eulerian (ALE) formalism, such that the particles are allowed to move with an arbitrary velocity. This flexibility is advantageous for describing dynamic interfaces; for example, a fluid-free surface or a wall subject to erosion. A complete derivation of the 3D FVPM formulation, the GPU implementation, a variety of validation case studies, and applications are accessible in the literature [24, [26] [27] [28] [29] [30] .
Test Case Description
With the objective of testing its applicability to realistic problems of interest to the industry, the multiscale model was used to simulate the erosion of a prototype-scale Pelton bucket impinged by a water jet with sediments. A non-rotating bucket setup was chosen for this simulation.
The test case closely followed the experimental case reported in [7] , which involved the Toss hydro power plant in the Himalayan region of India. Given that it was not possible to obtain the bucket geometry, the design reported by Perrig [31] was used, scaled to exactly match the dimensions of its experimental counterpart. As the simulated bucket was not rotating, the experimental relative velocity between the jet and the bucket was used for the simulated jet velocity. All the test case parameters are reported in Table 1 ; the corresponding nomenclature is explained in the Abbreviations section at the end of the article. In the macroscale simulation, the jet length was calculated such that the amount of water injected was equivalent to the amount received by a bucket in the experiment during half a jet pass, by considering the pitch diameter and the angular separation between buckets. Sediment diameters were randomly drawn from the average size distribution reported in the experiment, and were distributed uniformly in the water volume following a concentration representative of the experimental conditions, resulting in a total of about 980,000 sediment particles.
The FVPM discretizations used are presented in Figure 2 . Microscale simulations, encompassing 50-100 impacts each, were performed for five impact angles and four impact velocities, prior to the macroscale simulation; the sediment discretizations were generated according to the algorithm reported in [22] . The computations were performed on the Piz Daint supercomputer at the Swiss National Supercomputing Centre (CSCS) in Lugano, Switzerland. Each microscale simulation, which contained 85,000 FVPM particles, took, on average, 250 h using 4 NVIDIA Tesla P100 GPUs. The macroscale simulation, which contained 1,465,000 FVPM particles, took 650 h using 24 GPUs. Thus, the total computational cost of the simulations was equal to about 24,000 GPU-hours. Figure 3 presents the results of the average sediment impact velocity and angle, where 90 • corresponds to a perpendicular impact, on the bucket surface and on a slice corresponding to the pitch diameter position. The impact velocity was about 0.5 C • exactly at the splitter center, due to the acceleration felt by the sediments as a consequence of the low-velocity stagnation zone, although on the splitter edges it was as high as 0.7 C • . Throughout most of the bucket, the impact velocity was about 0.5 C • , with increasing values towards the bucket outlet, reaching a maximum average impact velocity of 0.8 C • . On the other hand, the average impact angle was fairly uniform throughout the bucket, with a value of about 5 • ; except for the splitter, where the impacts occurred at about 25 • . The fact that the sediments did not impact at higher angles on the splitter indicates that they were fairly responsive to the fluid acceleration. These impact condition results are very similar to the 2D results [32] of the same test case. Figure 4 presents the distribution of erodent mass that has impacted and eroded mass on the bucket surface, and on a slice corresponding to the pitch diameter position. The distribution of erodent mass reveals that most of the sediment impacts occurred on the bucket depth, which corresponds to the zone of maximum bucket curvature. These results highlight the fact that one of the driving mechanisms for sediment flux against the wall, the sediment inertia, is directly linked to the surface curvature. The second hot-spot for sediment impacts was the splitter. The sum of erodent mass impacted on the surface was equal to 2.66 times the sum of sediment mass injected, highlighting the fact that sediments tended to impact several times along their path through the bucket.
Results
Distributions of Impact Conditions on the Bucket Surface
Erosion Distribution of the Bucket Surface
The superposition of the aforementioned distributions (i.e., where the sediments tended to impact and at what angle and velocity) determines the distribution of eroded mass presented in Figure 4 . The amount of eroded mass per unit area had a peak at the splitter and almost vanished immediately downstream; it gradually increased again, towards the bucket outlet. It is noteworthy that the distribution of erosion did not only depend on the flux of the erodent towards the wall: Even though the sediment mass impacted was greatest at the bucket depth, the eroded mass was greatest at the splitter because of the higher average impact angle at that location. Similarly, in spite of the relatively low erodent mass impacted towards the bucket outlet, the eroded mass was maintained due to the higher impact velocity at that location. Yet again, these erosion distribution results are similar to the 2D results [32] of the same test case.
The global erosion ratio computed was equal to 4.04 mg kg −1 . In other words, at these sediment and hydrodynamic conditions, the bucket lost about 4.0 kg of material for every 1000 tons of sediment injected. According to the following validation, this value predicted by the multiscale simulation was quite close to its experimental counterpart. 
Erosion Depth Validation
The multiscale model described bridges the scale separation between the sediment impact dynamics and the sediment transport hydrodynamics. A projective integration extension has been presented [32] that allows simulation of the long-term erosion process by including the surface evolution in time, thus bridging the gap between the hydrodynamics and the surface erosion accumulation. The projective integration approach involves running the multiscale model for successive states of the eroded surface, whose evolution is determined by the erosion rate distribution calculated on each of the multiscale model instances. This approach is able to capture the effect the surface erosion has on subsequent erosion rates.
However, the projective integration approach is too computationally expensive to apply to this 3D test case, as it involves several successive macroscale simulations. In consequence, the long-term erosion distribution is estimated by extrapolating the erosion rate distribution obtained on the original bucket, not including the surface alteration induced by the process. Note that the incubation period (the initial delay in erosion due to the preliminary accumulation of damage in the surface) is considered in the microscale model by performing enough sediment impacts to reach the steady-state erosion ratio; what is neglected in the aforementioned extrapolation is the effect of the macroscopic surface alteration, such as wavy patterns and increased roughness, and the resulting modification of the hydrodynamics and, therefore, of the erosion rate.
The total amount of sediments injected in the simulation was equal to 3.43 g along a physical time of about 0.03 s. Rai et al. [7] reported on the erosion depth distribution after 3180 h of operation, after which 12,540 tons of sediment had traversed the turbine (i.e., 737.65 tons through each one of the 17 buckets). Therefore, the factor used to linearly extrapolate the simulation results to the time frame reported in the experiments was f extrap. = 737,650 kg 0.00343 kg = 2.15 × 10 8 . The eroded depth, after 3180 h, is calculated as
where ρ is the base material density, m e is the total eroded mass accumulated on each FVPM particle on the bucket surface, and A i is the surface area of each one of the particles. That is, the eroded mass distribution presented in Figure 4 can be directly linked to a distribution of eroded depth, that is then extrapolated to the time frame of the experiment by means of f extrap. . Figure 5 presents the multiscale simulation prediction of the erosion depth distribution on the pitch diameter position after 3180 h of operation, as well as the corresponding measurements reported by Rai et al. [7] on two different buckets. The remarkable agreement between the simulation and the experiment is highlighted, considering the complexity and astounding range of time and length scales involved. Notice that the differences between the two experimental buckets, and even between the two sides of each bucket, is of comparable magnitude to the difference between the experimental data and the simulation results. There is a considerable amount of noise in the numerical results because of the short simulation duration and the corresponding low number of sediments tracked. The smoothness of the simulated erosion profiles is bound to increase if a higher number of sediment particless are injected, as with any process influenced by randomness; in this case, the sediment trajectories were affected by the turbulent fluctuations, and the signal-to-noise ratio would increase by having more samples. [7] .
The multiscale simulation prediction of the erosion depth distribution on the bucket splitter is presented in Figure 6 , together with the corresponding measurements reported by Rai et al. [7] on two different buckets. Whereas the experimental erosion was widely distributed along the splitter, the simulated erosion was concentrated towards its center. Indeed, as the experimental bucket rotates, the jet is allowed to impinge at different locations along the splitter, whereas, in the simulated static bucket, it only impinged at its center. Apart from this discrepancy and the overall lack of smoothness evidenced in the simulated erosion depth, the results agree to a significant extent. 
Discussion and Conclusions
For the first time, it has become possible to quantitatively predict the erosion process of an industrial-scale hydraulic turbine. This achievement is possible thanks to the use of a multiscale model that bridges the scale separation between the sediment impact dynamics and the turbulent sediment transport hydrodynamics. This approach bypasses the need for uncertain erosion correlations by relying on accurate simulations of the sediment impacts, taking into consideration the sediment shape and elasticity and the high strain rate response of the base material, by means of comprehensive physical models. Not only does the model accurately predict the erosion distribution on the bucket surface; it also brings information concerning the impact conditions and sediment flux against the wall, which allows for a better understanding of the erosion distribution results.
In the 2D version of the test case, that included long-term evolution of the bucket surface [32] , a significant feedback effect was evidenced in which the bucket surface state, altered by the erosion, implied an increase of the erosion rate of up to 45% (compared to the one calculated on the un-eroded surface). Consequently, erosion prediction based on the original bucket geometry, as done in the present test case, might lead to an under-prediction of the long-term bucket erosion by perhaps around 30%, provided that the aforementioned feedback effect is indeed accurate. This would imply that the erosion depth results presented in Figures 5 and 6 might not be as good as they appear. However, even an error on the order of 30% would not be unexpected, considering the differences between the simulation and the experiment: The fact that the jet impinges at a constant angle on the simulated static bucket, the geometric discrepancy between the experimental runner and the available bucket geometry used for the simulation, and the linear extrapolation that bridges eight orders of magnitude in time. Still, the presented results are by far the most accurate prediction of the erosion of an industrial-scale component found in the literature, where, at best, a qualitative agreement with experiments is reported.
Current work is underway to simulate the erosion of a rotating Pelton runner [33] , for which both the geometry and the erosion measurements have recently been made available. Once the model is thoroughly validated, it might be used as a predictive tool in the design and optimization of hydraulic turbines and in the operation of run-of-the-river hydroelectric installations, by estimating the sediment concentration threshold for preventive shutdown based on an economic analysis.
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